We solve the homogeneous Eshelby inclusion problem on a finite unit cell with periodic boundary conditions. The main result is a representation formula of the strain field which is reminiscent of the familiar Green's representation formula. The formula is valid for any smooth inclusion and divergence-free eigenstress. More, it is shown that a Vigdergauz structure does not have the Eshelby uniformity property for symmetric non-dilatational eigenstress unless it degenerates to a laminate.
INTRODUCTION
In the theories of composites, fracture mechanics and dislocations, a problem, called the inhomogeneous Eshelby inclusion problem, appears often. The governing equation for this problem is div[L1x2 341v1x4 2 P 3 5 3 ] 4 0 on 1 n 2 (1.1)
where 5 3 is the characteristic function of 3, P 3 5 1 n6n is the eigenstress and the elasticity tensor (1.2) Equation (1.1) concerns the equilibrium of an infinite solid of two materials. The elasticity tensor of the inclusion (resp. the matrix) is L 1 (resp. L 0 ). The eigenstress P 3 on the inclusion can be regarded as an applied load. By specifying the tensors L 1 , L 0 , the eigenstress P 558 L. LIU elastic field in the composite and hence determines the effective moduli of the composites. In the modeling of a crack in an infinite solid, we specify L 1 to be the zero tensor and 3 a surface. In these modelings, usually the goal is to compute the elastic energy and to find how it depends on L 1 , L 0 , the eigenstress P 3 and the domain 3. An analytic solution of (1.1) is desirable but rare1 an exception is when the domain 3 is an ellipsoid. In this case we begin with a simpler problem, called the Eshelby homogeneous inclusion problem, for v :
where P 0 5 1 n6n is the equivalent eigenstress to be determined. For an ellipsoidal inclusion 3, as first noticed by Eshelby [1] , the induced strain 1v is uniform on 3 and can be written as where the fourth-order symmetric tensor R : 1 n6n 8 1 n6n is the Eshelby tensor. This remarkable property of ellipsoids, i.e., the induced strain 1v is uniform on the ellipsoid for any applied eigenstress P 0 5 1 n6n , is now referred to as the Eshelby uniformity property. Eshelby realized that under mild hypotheses the homogeneous problem (1.3) can be used to solve the inhomogeneous problem (1.1) provided that the induced field 1v for the homogeneous problem is constant on 3. Roughly speaking, the uniformity of 1v allows us to match on 73 the interfacial jump conditions of (1.1) with those of (1.3). At the same time, on the exterior of 3 Equation (1.1) coincides with (1.3) whereas on the interior of 3 Equation (1.1) is automatically satisfied since 1v is constant on 3. After some algebraic calculations, we find that the solution of (1.3) also solves (1.1) if
This solution technique is called the equivalent inclusion method, see [1, 2] . More, important quantities and relations can be obtained by solving an array of algebraic equations, though the original problem requires solving a system of partial differential equations. For example, by the divergence theorem the total elastic energy can be written as which is explicitly known for any given ellipsoid 3 and applied eigenstress P 3 . The applications of Eshelby's solution, in particular (1.5)-(1.6), include but are not limited to determining the shape and orientation of precipitates in alloys, the stress intensity factor around a crack, the effective properties of composite materials, and microstructural evolution in inhomogeneous solids with defects. For a survey of applications of the Eshelby solution, the reader is referred to [2] .
SOLUTIONS TO THE PERIODIC ESHELBY INCLUSION PROBLEM 559
Two or more ellipsoids do not enjoy the Eshelby uniformity property1 we cannot use the equivalent inclusion method to solve the inhomogeneous problem when the domain 3 consists of more than one ellipsoid. Therefore, in the applications of the Eshelby's solution, only one ellipsoid can be present and the results apply to an isolated inclusion or situations where inclusions are far apart. In other words, if interactions between inclusions become important, e.g. two cracks near to each other and composites in the non-dilute limit, it is insufficient to model them by a single inclusion and the Eshelby's solution.
Both the usefulness and the limitation of ellipsoidal inclusions motivate the following question: are there any non-ellipsoidal shapes that have the Eshelby uniformity property? Many authors have speculated on the possibility that other domains may have the Eshelby uniformity property [3] , and successful attempts, in the author's opinion, include the two dimensional periodic structures constructed by Vigdergauz [4] and the E-inclusions constructed by Liu et al. [5] . To describe these examples and their properties, we introduce the counterparts of (1.1) and (1.3) in a periodic setting which we call periodic Eshelby inclusion problems. Below we set up these problems.
Let e 1 2 6 6 6 2 e n 1 n be linearly independent vectors, [1, 6] showed that 11h and 1111b are uniform on 32 (1.12) from which Equation (1.4) follows. The unit cell Y is bounded in a periodic setting. Vigdergauz [4] first showed the existence of "equal-strength" periodic holes in two dimensions, which is subsequently called Vigdergauz structures . Liu et al. [5] observed that a Vigdergauz structure can be defined as a simply-connected bounded inclusion 3 Y such that the solution of (1.9) satisfies From this characterization, the author et al (2008) generalized the concept of Vigdergauz structures which we called periodic E-inclusions. In two dimensions we use the term "Vigdergauz structure" interchangeably with "simply-connected periodic E-inclusion". Further, we proved the existence of periodic E-inclusions, and in particular simply-connected periodic E-inclusions in any finite dimensional spaces. Formally we recall the following theorem. Periodic E-inclusions are a natural generalization of ellipsoids in present context and ellipsoids can be regarded as the limits of simply-connected periodic E-inclusions as Y 8 1 n and 8 0. We remark that a periodic E-inclusion can be multiply-connected in a unit cell and there are nonperiodic E-inclusions. Physically, a periodic E-inclusion can be characterized as a periodic array of bodies with the property that any uniform magnetization of the bodies induces a uniform magnetic field on these bodies (Liu et al 2007) . Geometrically, the shape of a periodic E-inclusion is prescribed by the lattice 1, the matrix Q, the volume fractions , the number of components of the E-inclusion and their mutual distances and directions. In particular, the matrix Q determines the aspect ratio of the E-inclusion, as the demagnetization matrix of an ellipsoid determines the aspect ratio of an ellipsoid. For example, a periodic E-inclusion degenerates to a simple laminate if all but one of the eigenvalues of the matrix Q vanish. Figure 1 shows a two dimensional two-component E-inclusion 3 with a large aspect ratio such that the solution of (1.9) satisfies (1.13) for Q 4 diag[06052 0695] and 4 0 (i.e., Y 4 1 2 ). The reader is invited to explore more examples of E-inclusions in [5, 7] .
From Equations (1.11) and (1.13), we immediately see that a periodic E-inclusion 3 enjoys the following partial Eshelby uniformity property. That is, for the periodic homogeneous problem (1.8), if the eigenstress P H 4 I :4 the identity matrix on 3 (1.15) is uniform and dilatational, then the elastic strain is also uniform on 3 and can be written as
By adapting the equivalent inclusion method to the periodic setting, we can show that v 4
1h solves the periodic inhomogeneous problem (1.7) if the eigenstress
Further, the elastic energy averaged over the unit cell Y can be written as
see Liu et al. [5] for details. In analogy with the Eshelby's solution and the equivalent inclusion method for ellipsoidal inclusions, we conclude that periodic E-inclusions are indeed the proper generalizations of ellipsoids. As for ellipsoids, we can use the above solutions (see (1.16)-(1.18)) to study various physical problems, e.g., the interactions of periodic E-inclusions with a far field. The advantage of periodic E-inclusions is that their volume fractions can be any number between zero and one and the interactions between individual inclusions are accounted precisely. For applications of periodic E-inclusions in composite materials, the reader is referred to [5] .
The analogy between ellipsoids and periodic E-inclusions is, however, not perfect yet in the sense that it is not known if the induced strain of a non-dilatational eigenstress is uniform on 3 for the homogeneous problem (1.8).
We will give an answer to the above question in two dimensions. The complex representation of the solution, originally introduced by Kolosov [8] , has been found useful in elasticity, see [9] [10] [11] . Our solution strategy for (1.10) and (1.8) is to use complex functions to progressively construct the solutions of the related harmonic and biharmonic equations. It turns out that this strategy can give us solutions in terms of Cauchy-type integrals as long as the eigenstress
Physically the above divergence-free condition implies that there is no applied body but surface load. When specialized to situations where the inclusion 3 is a Vigdergauz structure and the eigenstress P H 4 P 0 5 1
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sym is uniform, we find that the induced strain 1v is not uniform unless P 0 is dilatational or 3 is a laminate. This means that the equivalent inclusion method is no longer applicable to solve the inhomogeneous problem (1.7) if the eigenstress P I does not satisfy (1.17) within a multiplicative constant. This somewhat "disappointing" fact of Vigdergauz structures can be understood intuitively as follows. Comparing (1.13) with (1.12), we see that to have the Eshelby uniformity property a Vigdergauz structure 3 necessarily satisfies that the fourth gradient of the solution of (1.10), i.e. 1111b, is uniform on the periodic E-inclusion. This happens to be true for an ellipsoid but not so for a Vigdergauz structure. After all, 1111b being uniform on 3 is a much stronger condition than 11h being uniform on 3.
Associated with this "disappointing" fact, we raise the following question. For the homogeneous problem (1.8) and a given non-dilatational uniform eigenstress P H 4 P 0 5 1 262 sym , are there any non-laminate shapes 3 such that the induced strain 1v is uniform on 3? We conjecture the answer is affirmative. In this paper we do not pursue this issue.
Besides giving an answer to the Eshelby uniformity property of Vigdergauz structures, the solutions in this paper can be used independently in other ways. In applications to magnetism, we give a simple formula of the induced magnetic field under the hypothesis that there is no internal pole inside the magnetized body, see Theorem 2, (3.23). In applications to elasticity, Equations (4.1)-(4.3) express the induced strain field of (1.8) in terms of Cauchy-type integrals. Such explicit formulas are useful for the effective solutions of the elasticity problems that arise from the modelings of crack, dislocations and phase transfor-mations [2, 12] . From a mathematical viewpoint, the formulas (e.g. (3.33) and (3.86)) are reminiscent of the Green's representation formulas. We remark that a naive summation of the Green's functions over a lattice does not converge. That is why we need to consider the Weierstrass functions and elaborate on various special functions.
The paper is organized as follows. In Section 2 we use the Fourier method to establish the relations between the periodic Eshelby inclusion problem (1.8) and two simpler problems concerning harmonic and biharmonic operators (see (2.1) and (2.2)). From Section 3 we restrict our discussions to two dimensions. After reviewing some relevant facts from complex analysis in Section 3.1, we construct the solutions of (2.1) and (2.2) in Sections 3.2 and 3.3, respectively. In particular we establish a necessary and sufficient condition for a simply-connected inclusion to be a Vigdergauz structure in Section 3.2.1. Interior solutions of (2.1) and (2.2) are exceptionally simple for a Vigdergauz structure, which enable us to show that the induced strain is not uniform if the uniform eigenstress is symmetric but not dilatational and the inclusion is not a laminate. Finally we summarize our results in Section 4.
REPRESENTATION OF THE SOLUTIONS BY FOURIER SERIES
If Y 4 1 n and the eigenstress is uniform on 3, as shown by Eshelby [1] solutions of (1.8) are related with those of (1.9) and (1.10) by (1.11). Eshelby's arguments are based on the known Green's functions of (1.8), (1.9) and (1.10). In a periodic setting, their relation can be conveniently demonstrated by the Fourier method. More, relation of this sort can be generalized to situations where Equation (1.8) has a nonuniform eigenstress P H . To make progress, we consider the magnetostatic problem for u 1 [7] showed that solutions of (1.9) and (2.
Below we will show that the solutions of (1.10) and (2.
More generally, we can establish this type of relations between the solutions of (1.8) and those of (2.1) respectively. Substituting (2.13) into (2.9) and (2.10) and comparing the results with (2.14) and (2.15), we obtain (2.4) and (2.5). By (2.11), we obtain (1.11), which generalizes Eshelby's result ( [1] , Equation (2.8)) to a periodic setting. From Equation (2.11), as far as the strain 1v is concerned, it suffices to solve the magnetostatic problem (2.1) and the Poisson problem (2.2). Our focus is henceforth on (2.1) and (2.2). From now on we will restrict ourselves to two-dimensional space (n 4 2).
REPRESENTATION OF THE SOLUTIONS BY ANALYTIC FUNCTIONS

Cauchy Integrals, Plemelj Formula and Elliptic Functions
We will construct solutions of (2.1) and (2.2) in terms of analytic functions. The main ingredients of our construction are the Cauchy integral and the Plemelj formula. Below we recall a few relevant facts from complex analysis. To follow the notations the reader may find Figure 2 useful. In two dimensions, a complex number is denoted by z 4 x 1 2 ix 2 5 41 x 1 2 x 2 5 1. We identify the complex plane 4 with 1 2 in this obvious manner. The conjugate of z is z 4 x 1 ix 2 . These definitions imply the following transformation: z
which is clearly linear and nonsingular. Further, it is convenient to normalize the periods such that the area of Y 4 x 1 1 2 x 2 2 : 0 9 x 1 2 x 2 9 1 is one. That is,
Before proceeding to details, we introduce some more notation. We denote by
Solutions to Problem (2.1)
In this section we give solutions to (2.1) in terms of Cauchy-type integrals. We require the magnetization m : 3 8 1 2 is smooth and satisfies div m 4 0 on 36 (3.20)
Note that the above condition is satisfied for every row vector in P H (i.e., m 1 p4 in (2.7)) if the eigenstress P H satisfies (1.19). Equation (3.20) has two consequences and both of them are critical for subsequent constructions. The first one is that the solution u 1 of (2.1) is harmonic on 31 the second is that the function f : 8 1 1 42 x 2 1s 1 44 n1x 1 1s 1 42 x 2 1s 1 44ds 1 9 s 5 [02 L] (3.21) is smooth on . To see this, by the divergence theorem we have
Since f 1t 1044 4 0, we see that f is continuous on and smooth on t 1s4 : s 4 0. Direct differentiations show that any order derivatives of f are also continuous at s 4 0 and hence f is smooth on .
The following theorem will be useful. is the only term in 1t z4 that can give rise to discontinuity of 10 1z4. From Equations (3.6)-(3.7) and the Plemelj formulas (3.14), we have that for every t 5 , (3.25) where in the second of the above equation we have used
Further, from the properties of 1z4 and 1z4 (see (3.15) which is indeed independent of z. Substituting (3.49) into (3.55), and then into (3.52), we find the right-hand side of (3.52) is equal to z h (see (3.42)), and henceforth complete the proof of the theorem. 1
Solutions to Problem (2.2)
In this section we construct the solution of (2.2) with u 1 given by (3.29 
